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Abstract New formulations of second-order wave loads contributed by a first-order wave field are
developed by applying two variants of Stokes’s theorem and Gauss’s theorem to a formulation consisting
of direct pressure integrations on a body’s hull which is called the near-field formulation. In addition to
this direct formulation and the formulation derived from the momentum theorem called the far-field for-
mulation, for the computation of drift (surge/sway) forces in horizontal directions and drift (yaw) moment
around the vertical axis, one of new formulations is defined on the control surfaces surrounding the body
and called the middle-field formulation. After a brief summary of both pressure-integration (near-field)
and momentum (far-field) formulations, the development of the middle-field formulation involving control
surfaces is described and complemented in detail in the appendices. The application of the new formulation
shows that the near-field and far-field formulations are mathematically equivalent for wall-sided, as well
as non-wall-sided bodies and under the condition that the mean yaw moments are expressed with respect
to a space-fixed reference point. It is shown that the middle-field formulation is as robust as the far-field
formulation and as general as the near-field formulation of second-order loads on a single body as well
as on multiple bodies. Furthermore, the extension to the computation of a second-order oscillatory load,
which is so far accessed only by the near-field formulation, is envisioned.
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1 Introduction

In offshore hydrodynamic applications, one key issue to the design of a mooring system is the accurate
simulation of low-frequency motions in surge, sway and yaw of a system to which the second-order wave
load is well known to be the main source of excitation. The development of new formulations for an
accurate computation of second-order drift loads is presented here.
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Following this introduction the formulations of second-order wave loads are summarized. In particular,
only the first-order wave field and the body’s motion contribute to the second-order drift load, so that it
can be directly evaluated, once the first-order solution is obtained. Two classes of formulations have been
developed. One of these consists of direct pressure integrations on the hull of the body, as in [1–6], and is
here called the near-field formulation. Another is derived in [7] and [8] by applying the momentum theo-
rem to the fluid domain and is called the far-field formulation here. The near-field formulation is general,
as it can be used to obtain all components of second-order wave loads applied to one individual body in
a wave-body system of a single body or multiple bodies. On the other hand, the far-field formulation is
restricted to give only three components, the global mean surge/sway forces and the mean yaw moments
around the vertical axis applied to all bodies. However, the far-field formulation is preferred in practice
whenever it is applicable owing to its numerical robustness as compared to the near-field formulation.

Since the starting points of the two formulations are so distinct that their representations are quite
different, especially for floating bodies, additional terms associated with the body motion appear in the
near-field formulation while the far-field formulation keeps the same form as for a fixed body without
explicitly involving the body’s motion. Having a common theoretical and rational basis, the equivalence
of the two classical formulations is never put in doubt. However, numerical results in the literature are
controversial as they give very close results in some cases and very different results in other cases. Espe-
cially for hulls that are non-wall-sided at the waterline, erroneous results, including positive surge forces
in head waves of large periods, can be obtained by using the near-field formulation. As remarked in [9]
most of results on wave-drift loads on a body with sharp corners using pressure integration (near-field
formulation), show significant errors when compared with the far-field formulation. The direct connection
between the two classical formulations has thus been an interesting issue.

Based on the use of two variants of Stokes’s theorems given in [10] and presented in the appendices, it
is shown mathematically that both formulations are indeed fully equivalent, regardless of the fact that the
body hull is wall-sided or not, and under the condition that the reference point for mean yaw moments is
space-fixed. This exercise, in addition, gives rise to several new formulations. A new near-field formulation
is obtained by direct application of the variants of Stokes’s theorem. It is essentially similar to the classical
one with some improvements in the form of terms associated directly with the body’s translations and
rotations disappearing. Applying Gauss’s theorem to the domain limited by a control surface, a second
new formulation is obtained which involves integrals on the control surface and along its intersection
with the mean free surface, and the part of free surface limited by the intersection and the waterline. An
interesting feature of the formulation concerns the wave-drift loads for which the formulation is largely
simplified. In particular, the horizontal components of drift loads involve only a surface integral on the
control surface and a line integral along its intersection with the free surface. This formulation is defined
on the control surface at some distance from the body is called the middle-field formulation.

Numerical results of second-order drift loads on a floating hemisphere, a Floating Production Storage
Offloading (FPSO) unit and two bodies in side-by-side position, are presented. They confirm that the
middle-field formulation has the same advantage as the far-field formulation, namely a rapid numerical
convergence for horizontal drift loads (surge/sway forces and yaw moments). Furthermore, in the case of
multiple bodies, the control surface can be one surrounding an individual body and the wave loads applied
on the surrounded body are then obtained, while the far-field formulation provides only the sum of wave
loads applied on all bodies.

By applying the momentum-conservation principle to a control fluid volume limited by the body hull,
a control surface surrounding the body and the free surface in between, we obtain the same formulation
as given in [6] and [11] which was written on the control surface for the components of the drift forces in
the horizontal directions and the moment around the vertical axis. Unlike this local momentum analysis,
the middle-field formulation presented here is directly derived from the near-field formulation, so that it
provides a formal connection between the near-field and far-field formulations. Indeed, it is clarified that
the usual far-field formulation is equivalent to the near-field formulation for bodies with a wall-sided, as
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well as non-wall-sided hull and under the condition that the yaw moment is computed with respect to the
space-fixed reference point. Furthermore, the new formulations are general and can be extended to the
computation of the second-order loads occurring at the sum of wave frequencies as well as at the difference
of wave frequencies, to horizontal load components as well as vertical load components, as envisioned in
the discussion and conclusion.

2 Second-order wave loads contributed by the first-order wave field

We consider bodies floating on a free surface in the presence of incident propagating waves. A reference
system in Cartesian coordinates is defined by letting the (x, y)-plane coincide with the mean free surface
and the z-axis is positive upwards so that

z = η(x, y, t) (1)

describes the elevation of free surface.
The fluid is assumed to be incompressible and inviscid and the fluid motion is irrotational. Under these

assumptions of a perfect fluid, the flow velocity V = (V1, V2, V3) can be expressed as the gradient of a
scalar potential �(x, y, z, t) in the space (x, y, z) at the time t as V = ∇�. The velocity potential satisfies the
Laplace equation:

∇2� = 0, (2)

which becomes the governing equation in the fluid domain.

2.1 First-order wave fields

By assuming small steepness of the incoming waves and small magnitude of the motions of the floating
bodies around their mean positions, the velocity potential can be expanded in a series of different orders
with respect to the wave steepness. At the first-order, the velocity potential satisfies the linearized condition
on the mean free surface F(z = 0):

g�z + �tt = 0 (3)

with g the acceleration due to gravity, �z = ∂�/∂z and �tt = ∂2�/∂t2, and the boundary condition on the
hull H:

�n = Xt · n (4)

where �n = ∂�/∂n and Xt = ∂X/∂t with X = (ζ1, ζ2, ζ3) representing the vector describing body displace-
ment associated with its motion composed of translations and rotations.

Together with the condition �z = 0 on the sea bed B(z = −h) and the radiation condition � → �I (with
�I being the known velocity potential of incoming waves) on a control surface S∞(R = √

x2 + y2 → ∞)

at infinity, the Laplace equation (2), and the boundary conditions on the mean free surface (3) and on
the hull (4) compose a boundary-value problem describing wave–body interactions. The system (2–4) of
wave diffraction and radiation around bodies can be solved by applying the method of boundary-integral
equations. In this method, the velocity potential is decomposed as

� = �I + �P, (5)

which is the sum of the known potential �I representing incoming waves and the perturbation potential
�P due to the presence of bodies (which can be further written as �P = �D + �R the sum of diffraction
and radiation components). In the frequency domain, the velocity potentials (as well as all other variables)
are written as the real part of the product of the complex function in space and harmonic function in time:

(�, �I, �P, X) = Re{(φ, φI, φP, x)e−iωt} (6)
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with ω being the wave frequency and Re{·} representing the real part. The potential φI of the incoming
waves is written as

φI = −ag
ω

cosh[k(z + h)]
cosh(kh)

eik(x cos β+y sin β) (7)

where (a, β, h) are wave amplitude, heading and waterdepth, respectively. The wavenumber k is determined
by the dispersion equation ω2 = gk tanh(kh).

Based on the source distribution σ(Q) on hull H, the perturbation potential and its gradient are expressed
by

φP(P) =
∫∫

H
ds σ(Q)G(P, Q) and ∇φP(P) =

∫∫

H
ds σ(Q)∇G(P, Q) (8)

with Q ⊂ H. The Green function G(P, Q) in (8), representing a potential flow at a field point P generated by
a point source located at Q, satisfies ∇2G(P, Q) = 4πδ(P − Q) in the fluid domain and the same conditions
as � on all boundaries, except of that on the hull on which we have the integral equation

2πσ(P) +
∫∫

H
ds σ(Q)Gn(P, Q) = −n · ∇φI − iωx · n (9)

to determine the source distribution σ(Q). Extensive studies on G(P, Q) can be found in [12–14]. Once
the solution has been found, the velocity potential and its gradient are obtained by (8) as well as the
free-surface elevation by

η = −�t/g (10)

evaluated at z = 0.
At a point P(z, R, θ) of large horizontal distance from bodies (R → ∞), the perturbation potential is

expressed asymptotically in [15] by

φP(z, R, θ) = −
√

8πk
R

2 sinh2(kh)

2kh + sinh(2kh)

cosh[k(z + h)]
sinh(kh)

K(θ)ei(kR+π/4) (11)

in which K(θ) is the Kochin function defined by

K(θ) =
∫∫

H
ds σ(Q)

cosh[k(z′ + h)]
sinh(kh)

e−ik(x′ cos θ+y′ sin θ) with Q(x′, y′, z′) ⊂ H (12)

which is used in the far-field formulation of wave-drift loads.

2.2 Classical near-field formulation of second-order loads

Numerous studies have been devoted to the analysis of second-order wave loads. A non-exhaustive list
includes the following classical work [1–8]. A general formulation of second-order wave loads can be
obtained by direct integration of the second-order pressure on the hull surface of the body’s mean position;
the first-order pressure in the intermittent zone around the waterline and the variation of the first-order
loads are due to first-order motions. The second-order wave load (FT , MT) is then composed of one
part (F1, M1) dependent on the quadratic product of the first-order quantities and another part (F2, M2)

contributed by the second-order potentials.

(FT , MT) = (F1, M1) + (F2, M2) (13)

As we are mostly interested here in the wave-drift load which is not contributed by the second-order
time-harmonic potential, we represent the second-order wave load only by its first part:

(F1, M1) = (F, M) + (FS, MS) (14)
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where F = (Fx, Fy, Fz) stands for the forces and M = (Mx, My, Mz) for the moments. (FS, MS) are the sec-
ond-order variation of the hydrostatic loads due to the first-order motions as defined in [6], which give
only non-zero values for the vertical force and moments around the horizontal axes. Furthermore, since
(FS, MS) depend only on the hull geometry and first-order motions, they can be evaluated without any
numerical difficulty. Thus, in the following, we will concentrate on (F, M) which is given in [5] by

F = ρ

∫∫

H
ds

[
(∇�)2

2
+ X · ∇�t + �tR ∧

]
n + ρg

2

∮



d� η(2ζ3 − η)n, (15)

M = ρ

∫∫

H
ds

{[
(∇�)2

2
+ X · ∇�t + �tR ∧

]
(r∧n)+�tT ∧ n

}
+ ρg

2

∮



d� η(2ζ3− η)(r∧n), (16)

in which all involved quantities in the integrand are of the first order in η for the free-surface elevation
defined by (10), � for the velocity potential defined by (5–8), X = T + R ∧ r = (ζ1, ζ2, ζ3) for the displace-
ment due to the translation T = (ξ1, ξ2, ξ3) and rotation R = (θ1, θ2, θ3), and r = (x − x0, y − y0, z − z0) for
the position vector with respect to the reference point (x0, y0, z0) of rotation. In (15, 16),  stands for the
intersection (waterline) of the hull H at its mean position with the mean free surface F(z = 0). The normal
vector n = (n1, n2, n3) is positively oriented inwards with respect to the fluid. The vector r ∧ n = (n4, n5, n6)

is also used in the following.
The first term in the hull integral of (15, 16) comes directly from the convective term in Bernoulli’s

equation, while the second term is the correction of the first-order dynamic pressure with respect to the
displacement. The term associated with the rotation R takes into account the variation of the normal
vector. Finally, the last term in the hull integral of (16) is the additional moment with respect to the space-
fixed reference point, induced by the first-order dynamic load applied to the instantaneous reference point
translated due to the motion of the body. This term was omitted in [1, 4] and [6] as it is understood that
the moment is evaluated with respect to the body-fixed reference point. Other terms in (15, 16) show a
difference of higher order between their values with respect the body-fixed reference point and that with
respect to the space-fixed reference point.

The line integral in (15, 16) is the result of the integration of the first-order pressure on the intermittent
zone around the waterline of a wall-sided body. The integrand of the waterline integral is also used in [6]
but different from that in [1] and [4]. It is shown in [5] that the two expressions of the second-order loads
are equivalent.

At the waterline, the angle γ between the normal vector n and the horizontal plane in the near-field
formulation (15, 16), is assumed to be zero, i.e., the hull intersects the mean free surface vertically. If the
hull is not wall-sided (γ �= 0), the relative waterline integral in [2, 3] and [6] is raised by the factor 1/| cos γ |
which takes account of the increase of the intermittent surface due to a relative wave elevation along the
waterline. This implies that we have to modify the normal vector n into n′ = n/| cos γ | in the waterline
integral of (15, 16). Here we adopt the expression given in [6]:

F = ρ

∫∫

H
ds

[
(∇�)2

2
+ X · ∇�t + �tR ∧

]
n + ρg

2

∮



d� η(2ζ3 − η)n′, (17)

M = ρ

∫∫

H
ds

{[
(∇�)2

2
+ X · ∇�t + �tR ∧

]
(r∧n) + �tT ∧ n

}
+ ρg

2

∮



d� η(2ζ3 − η)(r ∧ n′), (18)

with n′ = n/| cos γ | and the last term in the hull integral of (18) as the additional moment with respect to
the space-fixed reference point.

Expressions (17, 18) involving the body’s response (T, R) and the first-order wave field (velocity potential
�, its gradient ∇� and wave elevation η) on the hull H and along the waterline , is called here the near-
field formulation. It includes all components of wave loads oscillating at the sum of wave frequencies as
well as the difference of wave frequencies. In particular, the wave-drift load in regular waves is obtained
by taking the mean value during one wave period.
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2.3 Classical far-field formulation of wave-drift loads

By applying the conservation principle of linear and angular momentum to the fluid domain bounded by
the body surface H, the free surface F and a control surface S∞ at infinity, Newman [8] extended Maruo’s
formulation [7] for the horizontal drift forces to all three components, including the moment around the
vertical axis. The momentum formulation equivalent to that given in [8] is written as:

Fx
D =

〈
ρg
2

∫

∞
dl η2n1 +

∫∫

S∞
ds (ρ�n�x + P n1)

〉
(19)

Fy
D =

〈
ρg
2

∫

∞
dl η2n2 +

∫∫

S∞
ds (ρ�n�y + P n2)

〉
(20)

Mz
D =

〈
ρg
2

∫

∞
dl η2n6 +

∫∫

S∞
ds

{
ρ�n[(x − x0)�y − (y − y0)�x] + P n6

}〉
(21)

written on a surface S∞ located at infinity and the upper boundary ∞ touching vertically the mean free
surface. The pressure in (19–21) is given by P = −ρ(�t + ∇� · ∇�/2 + gz). The symbol “〈·〉” stands for
taking the average value during one period. The line integral along ∞ in (19–21) is the resultant from
the pressure integral between the mean and instantaneous positions of the free surface included in the
compact form of the control-surface integral (Equations 14–16) in [8]. On the control surface S∞ and along
∞, asymptotic expressions (11) of �P, as well as the wave elevation η (10) involving the Kochin function
K(θ) given by (12), can be introduced into (19–21) which becomes a single integral of the polar variable
after analytical integration in the vertical direction. The general expressions given in [15] are reported
below:

Fx
D = −4πρ

k2 sinh2(kh)

2kh + sinh(2kh)

∫ 2π

0
|K(θ)|2 cos θ dθ − 2πρaωIm{K(β)} cos β, (22)

Fy
D = −4πρ

k2 sinh2(kh)

2kh + sinh(2kh)

∫ 2π

0
|K(θ)|2 sin θ dθ − 2πρaωIm{K(β)} sin β, (23)

Mz
D = −4πρ

k sinh2(kh)

2kh + sinh(2kh)

∫ 2π

0
Im{K̄(θ)K′(θ)}dθ + 2πρaωRe{K′(β)}/k, (24)

where K̄(θ) and K′(θ) are the complex conjugates of the Kochin function defined by (12) and its derivative
with respect to θ , respectively. Re{·} and Im{·} stand for the real and imaginary parts, respectively. The
formulations (22–24) are developed for finite waterdepth. For the case of deep water, the expressions
(22–24) for h → ∞ become equivalent to those given in [8].

This far-field formulation (22–24) gives the three components of the global wave-drift load. It is numeri-
cally robust, since the Kochin function K(θ) and its derivative K′(θ) are far less sensitive to the discretisation
of the hull. On the other hand, the near-field formulation (17, 18) provides all components of wave loads
on an individual body but it suffers from poor convergence, as singularities are present in the velocity
field around the hull area with a sharp variation of geometry at corners. Theoretically, both the near-
field and far-field formulations must yield the same result for the three components of the wave-drift
loads.

3 New formulations of second-order wave loads

Comparing both the near-field formulation (17, 18) and the far-field formulation (19–21), the most striking
difference is the involvement of the body motions (T, R) in (17, 18). To make the connection between
both, the terms involving (T, R) can be treated as a starting point. Indeed, we have started to develop a
new near-field formulation by applying variants of Stokes’s theorem. Considering a fluid volume enclosed
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by the hull, a control surface at a distance from the body and the mean free surface limited by the water-
line and the intersection of the control surface with the free surface, we obtain a general formulation of
second-order loads by using Gauss’s theorem. Finally, the middle-field formulation written only on the
control surface is obtained for the computation of wave-drift loads.

3.1 New near-field formulation

We consider the two variants of Stokes’s theorem (49) and (53) given as Equations (1.3.5) and (1.3.13) in
[10] which are also developed here in Appendix A. Introducing the identity A = (�tX) into (49) and (53),
we have the following two identities:

ρ

∫∫

H
ds (X · ∇�t)n = ρ

∫∫

H
ds

[∇�t(X · n) − R ∧ (�tn)
] − ρg

∮



d� η
[
ζ3n̄ − (X · n̄)k

]
, (25)

ρ

∫∫

H
ds (X · ∇�t)(r ∧ n) = ρ

∫∫

H
ds

[
(r ∧ ∇�t)(X · n)− �tT ∧ n − R ∧ (r ∧ n)�t

]

− ρg
∮



d� η[ζ3(r ∧ n̄)− (X · n̄)(r ∧ k)], (26)

respectively. The normal vector n̄ in the waterline integral is given on the mean free surface, n̄ = n for a
wall-sided hull. In general, n̄ = (n1, n2, 0)/| cos γ | with γ the angle between n and the horizontal plane as
noted in the development of the above identities (25, 26) which is detailed in Appendix B. It should be
noted that n̄ is different from n′ used in [2, 3] and [6] for the vertical component, since n′ is not given on
the mean free surface if γ �= 0 as n′ = n/| cos γ | = n̄ + (0, 0, n3)/| cos γ |.

Introducing (25, 26) into the near-field formulation (17, 18), we obtain a new near-field formulation:

F = ρ

∫∫

H
ds

[
(∇�)2

2
n + ∇�t(X · n)

]
− ρg

2

∮



d�

[
η2n̄ + � k

]
, (27)

M = ρ

∫∫

H
ds

[
(∇�)2

2
(r∧n)+ (r ∧ ∇�t)(X · n)

]
− ρg

2

∮



d�

[
η2(r ∧ n̄) + �(r ∧ k)

]
(28)

with � defined by

� = (η2 − 2ηζ3)n3/| cos γ | − 2η(X · n̄),

which is involved in the waterline integral giving only a contribution to the vertical forces and moments
around the horizontal axes. For a wall-sided hull, n3 = 0 so that � = −2η(X · n).

The above formulation (27, 28) is essentially similar to (17, 18) with some interesting improvements such
as that all terms with body motion (T, R) disappear, as expected, and the term involving the displacement
in the waterline integral gives a contribution only to the vertical components.

3.2 New formulations involving control surfaces

Now we consider a domain D surrounded by S = H ∪ C ∪ F with the body hull H at its mean position, a
fictitious (control) surface C surrounding the body and the mean free surface F limited by the intersection
 of H with z = 0 and that c of C with z = 0, as shown in Fig. 12. Applying Gauss’s formula (65) and (68)
shown in Appendix C, we develop the hull integral in (27, 28) as:

∫∫

H
ds

[
(∇�)2

2
n + ∇�t(X · n)

]
=

∫∫

H
ds

[
�n∇�+ ∇�t(X · n)

]

+
∫∫

F
ds

[
�n∇�− (∇�)2

2
n
]

+
∫∫

C
ds

[
�n∇�− (∇�)2

2
n
]

, (29)
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∫∫

H
ds

[
(∇�)2

2
(r∧n)+ (r ∧∇�t)(X · n)

]
=

∫∫

H
ds

[
�n(r ∧ ∇�)+ (r ∧∇�t)(X · n)

]

+
∫∫

F
ds

[
�n(r ∧∇�)− (∇�)2

2
(r∧n)

]

+
∫∫

C
ds

[
�n(r ∧∇�)− (∇�)2

2
(r∧n)

]
. (30)

By making use of above identities (29, 30) in (27, 28), we obtain:

F = ρ

∫∫

H
ds

[
�n∇�+ ∇�t(X · n)

] − ρg
2

∮



d�
[
η2n̄ + � k

]

+ ρ

2

∫∫

F
ds

[
2�n∇�− (∇�)2n

] + ρ

2

∫∫

C
ds

[
2�n∇�− (∇�)2n

]
, (31)

M = ρ

∫∫

H
ds r ∧ [

�n∇�+ ∇�t(X · n)
] − ρg

2

∮



d�
[
η2(r ∧ n̄) + �(r ∧ k)

]

+ ρ

2

∫∫

F
ds r ∧ [

2�n∇�− (∇�)2n
] + ρ

2

∫∫

C
ds r ∧ [

2�n∇�− (∇�)2n
]
. (32)

Over the free surface F and along the waterline  of body and c of the control surface, we have
�t = −gη from (10) so that the identities (69) and (70) can be rewritten as:

−g
∮



d� η2n̄ = 2
∫∫

F
ds η(�ztk − ∇�t) + g

∮

c

d� η2n̄, (33)

−g
∮



d� η2(r ∧ n̄) = 2
∫∫

F
ds η

[
�zt(r ∧ k)− r ∧ ∇�t

] + g
∮

c

d� η2(r ∧ n̄) (34)

derived from the application of Gauss’s integral for the plane as developed in Appendix C. Introducing
above identity (33, 34) into (31, 32), we obtain the new formulation:

F = ρ

∫∫

H
ds

[∇�(Xtn)+ ∇�t(X · n)
] − ρg

2

∮



d�� k − ρ

∫∫

F
ds

[
(�z∇�+ η∇�t)− (η�zt + ∇�∇�/2)k

]

+ ρg
2

∮

c

d� η2n + ρ

2

∫∫

C
ds

[
2�n∇�− (∇�)2n

]
, (35)

M = ρ

∫∫

H
ds r ∧ [∇�(Xt · n)+ ∇�t(X · n)

] − ρg
2

∮



d��(r ∧ k)

− ρ

∫∫

F
ds

[
r ∧ (�z∇�+ η∇�t)− (η�zt + ∇�∇�/2)(r ∧ k)

]

+ ρg
2

∮

c

d� η2(r∧n) + ρ

2

∫∫

C
ds

[
2�n(r ∧∇�)− (∇�)2(r∧n)

]
. (36)

The new formulation (35, 36) is general as it applies to all components of second-order wave loads con-
tributed by the first-order wave field, including high-frequency loads (second-order loads occurring at the
frequency equal to the sum of wave frequencies), as well as the low-frequency loads (second-order loads
occurring at a frequency equal to the difference of wave frequencies), to horizontal and vertical load
components. The control surface C can be at a finite distance from the body or one pushed to infinity. In
the first case, C may be pushed back to H while, in the second case, C may be composed of the surface of
a vertical cylinder plus the seabed. Furthermore, in the case of multiple bodies, the control surface C can
be one surrounding an individual body and (35, 36) gives the wave loads applied on the surrounded body.

3.3 Middle-field formulation of wave drift loads

An interesting feature of (35, 36) concerns the wave-drift load for which the formulation is greatly sim-
plified. It can be easily checked that the hull integral gives zero contribution, since the integrand can be
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grouped as ∂[∇�(X · n)]/∂t which has zero mean in one period. The same is true for the first term in the
integral over the limited region of the free surface, as �z = ηt from the boundary condition on the free
surface. The formulation (35, 36) can be rewritten as:

FD =
〈
−ρg

2

∮



d�� k + ρ

∫∫

F
ds (η�zt + ∇� · ∇�/2)k

+ ρg
2

∮

c

d� η2n̄ + ρ

2

∫∫

C
ds

[
2�n∇�− (∇� · ∇�)n

]
〉

, (37)

MD =
〈
− ρg

2

∮



d��(r ∧ k)+ ρ

∫∫

F
ds (η�zt + ∇� · ∇�/2)(r ∧ k)

+ ρg
2

∮

c

d� η2r ∧ n̄ + ρ

2

∫∫

C
ds

[
2�n(r ∧ ∇�)− (∇� · ∇�)(r∧n)

]
〉

(38)

for all components of drift loads on one body surrounded by the control surface. The waterline integral
and the free-surface integral in (37, 38) give only contributions to the vertical force and the moments
around the horizontal axes. The horizontal forces and moment around the vertical axis are thus given by
the integral on the control surface C and along its intersection c only:

Fx
D =

〈
ρg
2

∮

c

d� η2 n̄1 + ρ

∫∫

C
ds

[
�n�x − (∇� · ∇�/2) n1

]
〉

(39)

Fy
D =

〈
ρg
2

∮

c

d� η2 n̄2 + ρ

∫∫

C
ds

[
�n�y − (∇� · ∇�/2) n2

]
〉

(40)

Mz
D =

〈
ρg
2

∮

c

d� η2 n̄6 + ρ

∫∫

C
ds

{
�n

[
(x − x0)�y − (y − y0)�x

] − (∇� · ∇�/2) n6

}〉
(41)

The new formulation (39–41) for the computation of the three components of drift loads written on the
control surface at a certain distance from one body is the called middle-field formulation. This formulation
is confirmed by the fact that it is equivalent to that obtained in [6] and [11] by applying the momentum-
conservation principle to a control fluid volume limited by the body hull, a control surface and the free
surface in between. If the control surface C is moved to infinity as S∞ which intersects vertically the mean
free surface, we have (n̄2, n̄2, n̄6) = (n1, n2, n6) since n̄ = n and r ∧ n̄ = r ∧ n, and the expression (39–41) is
in full agreement with (19–21) as c becomes ∞ and 〈P〉 = −〈∇� · ∇�/2〉 on S∞. Due to the fact that
(39–41) is derived from the near-field formulation by using the variants of Stokes’s and Gauss’s theorem,
its connection with the far-field formulation (22–24) through (19–21) obtained by applying the momentum
theorem shows formally that both the near-field (17, 18) and far-field formulation (22–24) are indeed
equivalent for the horizontal drift forces and moment around the vertical axis, for wall-sided as well as
non-wall-sided bodies.

If the control surface C is allowed to coincide with H, we find the same result as that in [6] which is
derived by making use of the momentum theorem. However, there is not any advantage compared to
the original (17, 18) or the new one (27, 28), since the gradient of the velocity potential present in these
formulations converges slowly at the hull.

Unlike these two particular cases, the control surface C can be one at a distance from the body where
the wave field, in particular, the gradient of the velocity potential is not greatly affected by the degree of
accuracy in the description of the hull geometry. The distance may not be very far. In general, a distance
equal to the size of several panels is sufficient. The middle-field formulation written on the control surface
gives results of excellent convergence. Furthermore, the form of the control surface is arbitrary so that the
most convenient form, such as a parallelepiped surface or an ellipsoidal surface surrounding the body, can
be generated automatically.
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4 Numerical results

Three numerical examples are presented here. Different formulations are compared for the case of a free
floating hemisphere of radius R in deep water. A study of the numerical convergence of wave-drift loads
using the near-field, far-field and middle-field formulations is carried out for a FPSO. The middle-field
formulation (39–41) is applied to the case of a barge and a Wigley hull in side-by-side position. The
numerical results are then compared with measurements.

4.1 Floating hemisphere

In Fig. 1, the mesh of a hemisphere of radius R with 390 panels on one quarter of the hull and a control
surface of size (Lc ×Bc ×Dc = 2.2R×2.2R×1.1R) is illustrated. The drift forces Fx

D/(ρgRa2/2) with a being
the amplitude of the incoming waves obtained by different formulations are presented in Fig. 2 against the
wavenumber (kR). The results for the new near-field formulation (27, 28) are exactly the same as those of
the classical near-field formulation (17, 18), as shown mathematically. As expected, the results obtained
by using the middle-field formulation (39–41) are very close to those resulting from the classical far-field
formulation (22–24). The difference between the near-field formulation and the middle-field formulation
or the far-field formulation has to do with the mesh fineness. The asymptotic value of the horizontal drift
force Fx

D/(ρgRa2/2) → 4/3 when kR → ∞ is located between the two curves of near-field and far-field
formulations at large wave frequencies.

4.2 Floating Production Storage Offloading (FPSO) unit

The second example concerns a generic form of FPSO with global length (L = 300 m), beam (B = 50 m)
and draft (D = 25 m). The main part (between the stations 25 m and 275 m from the stern) of FPSO is of
box shape while the fore part is a circular cylinder and the aft part linearly reduced both in width and in
draft, such that the stern has a width and draft equal to 30 and 15 m, respectively. The mesh of the FPSO
with 503 panels on one half of the hull and a control surface of box shape (Lc ×Bc ×Dc = 320×70×30)
are illustrated in Fig. 3. The hull mesh is globally uniform, except for panels close to sharp corners and
those touching the waterline whose size is halved. The size of the panels on the control surface varies in

Fig. 1 Mesh of
hemisphere and control
surface
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Fig. 2 Drift forces Fx
D on the hemisphere computed with different formulations

Fig. 3 Mesh of FPSO and control surface

the vertical direction following their position with respect to the free surface. Closer to the free surface,
the panel size becomes smaller. The FPSO is freely floating in regular waves. The radii of gyration are 20,
60 and 60 m for the rotational modes in roll, pitch and yaw, respectively. The center of gravity is vertically
aligned with the center of buoyancy at the position 151.5 m from the stern and 5 m below the mean free
surface.

Three meshes composed of 503, 2012 and 8048 flat panels on one half of the hull are generated. The
coarse mesh (2 × 503 panels) is presented in Fig. 3. Subdividing each panel in the coarse mesh into four pro-
duces a finer mesh with 2 × 2012 panels. The finest mesh (2 × 8048 panels) is then generated by subdividing
each panel in the coarse mesh into 16 smaller parts. Particular attention is paid in the fore part of FPSO
where the coordinates of intermediate nodes are calculated on the circular cylinder. All three meshes are
used in the solution of wave diffraction and radiation. The linear motion RAOs of surge, sway and heave
in an oblique wave of heading β = 165◦ (being measured along the positive direction of the x-axis) are
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depicted in Fig. 4 against wave frequencies ω in rad/s. The surge, sway and heave RAOs obtained by using
the coarse mesh are presented by the dotted, dot-dashed and solid lines, respectively. The RAOs obtained
by using the finer and finest meshes are presented by crosses and squares, respectively. It is observed that
any noticeable difference cannot be found in the figure since the results from the three meshes are very
close.

In the computation of second-order drift loads, the near-field (27, 28), middle-field (39–41) and far-field
formulations (22–24) are used and results are compared. An oblique wave of heading β = 165◦ is consid-
ered. The nondimensional drift forces Fx

D/(ρgLa2/2) and Fy
D/(ρgLa2/2) and drift moment Mz

D/(ρgL2a2/2)

with L = 300 m are depicted against the wave frequency (ω) in Figs. 5, 6 and 7, respectively. The results
using the near-field formulations are represented by the dotted, dot-dashed and solid lines for the coarse
(nf1), finer (nf2) and finest (nf3) meshes, respectively. The results using the middle-field formulation (mf)
are shown by circles (coarse mesh), crosses (finer mesh) and squares (finest mesh). The results generated
by the far-field formulation (ff) represented by the dotted (coarse mesh), dot-dashed (finer mesh) and
solid (finest mesh) lines are indistinguishable from those of the middle-field formulation. For the drift
force Fx

D presented in Fig. 5, the results from three meshes and three formulations are very close to each
other. However, this is not the case for the drift forces Fy

D presented in Fig. 6 or moments Mz
D in Fig. 7.

The curves associated with the near-field formulation are separated for ω > 0.50 rad/s. This shows that
the results using the near-field formulation are not convergent over the larger part of the wave-frequency
range. On the other hand, the results for Fy

D obtained by the far-field formulation (dotted, dot-dashed and
solid lines) are indistinguishable over the whole range of the wave frequency. The results for Mz

D from
three meshes present some difference at large wave frequencies but are well convergent—the results of
the finer and the finest meshes are very close to each other. The same feature is observed for the results
associated with the middle-field formulation (circles, crosses and squares). Furthermore, the results of the
middle-field formulation are in excellent agreement with those of the far-field formulation.

In the numerical computation of wave-drift loads by using the near-field formulation (27, 28), the
tangential fluid velocities are singular at sharp corners of the hull. The global effect of singularities in
the velocity field depends not only on the mesh finesse close to the corners but also on the wave heading
relative to the corners: more effect on the weather side than on the lee side. In the heading of oblique waves
(β = 165◦), the sharp corners where the normal vector has an x-component are on the lee side of waves
so that numerical errors are relatively small for surge forces. Numerical experience indicates also that the
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Fig. 4 RAOs of surge, sway and heave in oblique waves (β = 165◦)
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Fig. 5 Drift forces Fx
D on the FPSO in oblique waves (β = 165◦)
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Fig. 6 Drift forces Fy
D on the FPSO in oblique waves (β = 165◦)

surge forces in head/following waves as well as the sway forces in beam waves have better precision that
those in oblique waves. In particular, the sway forces and yaw moments are relatively much more affected
in slight oblique waves with a heading close to 0◦ or 180◦.

4.3 Two bodies in side-by-side position

We consider now the case of a Wigley hull placed side-by-side with a barge, presented in [16]. Both vessels
have dimensions (L×B×T = 2×0.3×0.125) in meter and are set in beam waves with the two separation
distances (S1 = 1.097 and S2 = 1.797) between the two centerlines of the vessels. The case of S1 = 1.097 is
considered here. The mesh of the two vessels is represented in Fig. 8 where two separate control surfaces
surrounding the two vessels are illustrated, together with the vessels’ mesh. The drift loads in the beam
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Fig. 7 Drift moments Mz
D on the FPSO in oblique waves (β = 165◦)

Fig. 8 Mesh of 2 side-by-side vessels and control surfaces

sea with the Wigley hull on the weather side are computed by using both the near-field (dashed lines)
and middle-field formulation (solid lines), and compared with the computations (dot-dashed lines) and
measurements (squares) in [16]. The two vessels are fixed during the model tests. The sway drift forces
Fy

D/(ρgLa2/4) on the Wigley hull against the wavenumber kL/2 while those on the barge are shown in Fig.
10. In addition, the sway drift forces on the Wigley hull alone (without the barge) and those on the barge
alone (without the Wigley hull) are represented by the dotted lines. It can be seen in Figs. 9 and 10 that the
numerical results from the different methods are in good agreement and with measurements, even those
around kL/2 ≈ 4.7 where the largest values appear. Note that the numerical results using the near-field
formulation in [16] are very close to the present results of sway drift forces in beam sea. This confirms the
general remark on numerical results that sway-drift forces in beam waves are relatively less affected by
the singularities present in the velocity field at sharp corners, even less sensible in the present case when
the Wigley hull with a relatively smoother surface is placed on the weather side of the incoming waves.
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Fig. 9 Drift load Fy
D on the Wigley hull in beam sea (β = 90◦)
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Fig. 10 Drift load Fy
D on the barge in beam sea (β = 90◦)

A slight shift of the wavenumber at which the numerical results present a peak compared to the experimen-
tal measurements is observed. The peaks at kL/2 ≈ 4.7, 8, 12, 16 are associated with large resonant wave
kinematics of sloshing type due to the interaction between two bodies. To model the dissipative effect in a
real fluid, an additional term representing linear damping is introduced in [17] in the boundary condition
over the area of the free surface between the bodies. The method of introducing linear dissipation is indeed
effective and provides numerical results very close to those of model tests.

It is remarkable that the sway drift force on the Wigley hull on the weather side of beam waves becomes
large negative around kL/2 ≈ 4.7, while the force on the barge (on the lee side) keeps the same sign and
with large values. The sum of the forces on the two vessels remains positive in the whole range of wave
frequency. This shows that the important interaction between two bodies creates large repulsion forces
between them. At large wave frequencies, the barge on the lee side withstands less forces than those when
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it is alone due to the screen effect of the Wigley hull on the weather side. At the limit of infinity frequency,
the drift forces on the barge should be nil while those on the Wigley hull tend to the value (ρgLa2/2) when
it stands alone in beam waves.

5 Discussions and conclusions

Starting with the classical near-field formulation (17, 18), we have developed new formulations to evaluate
second-order wave loads contributed by the first-order wave field and a body’s responses. In particular,
the wave-drift forces in the horizontal directions and moments about the vertical axis are expressed by
the middle-field formulation (39–41) written only on a control surface at a distance from the hull and its
intersection with the mean free surface. Its equivalence to the classical far-field formulation (22–24), when
the control surface is moved to infinity, demonstrates formally the connection between the near-field and
far-field formulations. This equivalence is valid for wall-sided bodies as well as for non-wall-sided bodies.
In the near-field formulation [5] for the moments (18), the last term associated with body translation T
is the moment with respect to the space-fixed reference point resulting from the first-order dynamic load
applied to the instantaneous reference point (body-fixed) which is moved due to body translation. This
term was omitted in [1, 4] as well as in [6] as it is understood that the moment is evaluated with respect to
the body-fixed reference point. In other words, the equivalent far-field formulation must be increased by
one term of the same magnitude but with opposite sign, if we define the moments as ones applied to the
body-fixed reference point.

Numerical results on the hemisphere confirm the equivalence between the new near-field formulation
(27, 28) and the classical one (17, 18), that between the far-field and middle-field formulations, and that
between the near-field and far-field formulations. The convergent tests of FPSO with the coarse (2 × 503),
finer (2 × 2012) and finest (2 × 8048) meshes show that the results obtained by the near-field formulation
for sway-drift forces and yaw moments converge slowly. The method using a higher-order description of
hull geometry (B-spline patches, for example) has been expected to give better accurate results than the
lower-order method (constant panels) as one developed in [18]. However, the higher-order method is
more sensitive to the singularities which are present in the velocity field at sharp corners, as stated in [9].
This sensitivity is manifested when the tangential fluid velocity is computed by (8) as in the evaluation
of the mean pressure. As a result, the wave-drift load converges slowly or in the worst cases, it may be
non-convergent. On the other hand, the middle-field formulation yields results showing very good conver-
gence that are in excellent agreement with those obtained by the far-field formulation. Furthermore, the
middle-field formulation is applied to the case of two bodies. A good agreement with numerical results
from other methods and with experimental measurements confirms the important advantages of this new
formulation.

Since the middle-field formulation involves wave fields (potentials and velocities) at a distance from the
body where there are no singularities, the only condition on the discretization is the correct representation
of the wave fields which depend on the body form and wave conditions. In general, the control surface
at a distance of 3–5 panels’ size from the hull and with a finesse equivalent to that of the body hull gives
already good results. A finer mesh close to the free surface is needed for large-frequency waves. On the
other hand, the form of the control surface is arbitrary. It can be a parallelepiped box or a semi-ellipsoidal
surface. Furthermore, the representation of wave fields over the control surface can be of lower order as
the body mesh or otherwise of higher order such as a B-spline, and generated automatically. Since the
computation of the wave fields after having obtained first-order solutions is quite efficient, the increase of
CPU time is small and comparable to that of the near-field formulation.

The extension to the evaluation of vertical drift forces and moments around the horizontal axes follows
directly from expression (37, 38); besides, the additional terms (FS, MS) presented in [6] due to the variation
of first-order hydrostatic load are easy to compute. One remaining integral along the waterline and one
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over the part of free surface between the control surface and the hull are present in (37, 38). The numerical
accuracy of the wave elevation along the waterline and the gradient of the velocity potential at the free
surface is relatively good and much better than that of the gradient of the velocity potential on the hull. It
is then expected that the extended middle-field formulation (37, 38) gives results that converge better than
the classical or new near-field formulations.

The second-order oscillatory loads include the low-frequency and high-frequency components taking
place at a frequency equal to the difference and sum of the wave frequencies, respectively. These oscillatory
loads are composed of one part depending on first-order quantities and another part contributed by the
second-order wave field. For the first part, the near-field formulation (17, 18) has been considered as the
only way to proceed, unlike the constant drift load for which the far-field formulation is available as well.
The numerical burden of poor convergence embedded in the near-field formulation manifests itself again.
Now, we have the new general formulation (35, 36) at our disposal which should provide a good alternative
for the accurate computation of second-order oscillatory wave loads.

Considering the horizontal low-frequency forces and moments about the vertical axis, the waterline inte-
gral in (35, 36), as well as the second term in the free surface integral, disappear. The additional integrals on
the hull and over the free surface are proportional to the difference of the wave frequencies. Furthermore,
if the body’s motion is small (X≈0) in waves of small period, the integral over the hull surface is negligible.
The integral over the part of free surface can be evaluated easily and accurately since the velocity potentials
are not evaluated at the body surface. Thus, it is envisioned that the extended middle-field formulation
(35, 36) provides a robust method for evaluating the low-frequency horizontal forces and moments about
the vertical axis.
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Appendix A: Variants of Stokes’s theorem

Let S be a pierce of a surface with boundary curve . The normal vector n at a point r = (x, y, z) is directed
towards the positive side of S while the boundary curve  is oriented such that it is described counter-
clockwise about the normal vectors. The unit vector t along  is tangent to  in the positive orientation, as
illustrated in Fig. 11. The usual Stokes theorem applied to a scalar function U(x, y, z) is given in [19, p. 543]
as:
∫∫

S
ds n ∧ (∇U) =

∮



d� t U (42)

Fig. 11 Definition of
(S, ) and (n, t) in Stokes’s
theorem
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and that applied to a vector function u reads
∫∫

S
ds n · (∇ ∧ u) =

∮



d� t · u. (43)

Now, we suppose

u = A ∧ B

with B an arbitrary vector of non-zero constant value. The right-hand side of (43) can then be written as:
∮



d� t · u =
(∮



d� t ∧ A
)

· B, (44)

since (A ∧ B) · t = (t ∧ A) · B. On the left-hand side of (43) we have

(∇ ∧ u) · n = [∇ ∧ (A ∧ B)] · n = [(B · ∇)A] · n − (∇ · A)B · n. (45)

By use of the identity

(∇ ∧ A) · (B ∧ n) = [n ∧ (∇ ∧ A)] B = [(B · ∇)A] · n − [(n · ∇)A] · B, (46)

Equation (45) becomes

(∇ ∧ u) · n = [n ∧ (∇ ∧ A) + (n · ∇)A − (∇ · A)n] · B. (47)

Thus, the left-hand side of (43) can be written as:
(∫∫

S
ds n ∧ (∇ ∧ A) + (n · ∇)A − (∇ · A)n

)
· B. (48)

Since B is arbitrary, (44) and (48) leads to the first variant of Stokes’s theorem:
∫∫

S
ds

{
(∇ · A)n − n ∧ (∇ ∧ A) − (n · ∇)A

}
=

∮



d� A ∧ t. (49)

Next, we assume

u = A ∧ (r ∧ B)

with B again an arbitrary constant vector. Since

u · t = [A ∧ (r ∧ B)] · t = [r(B · A) − B(A · r)] · t = [(r · t)A − (A · r)t] · B = [r ∧ (A ∧ t)] · B,

the right-hand side of (43) can be written as:
∮



d� u · t =
(∮



d� r ∧ (A ∧ t)
)

· B (50)

while the left-hand side

(∇ ∧ u) · n =
{
∇ ∧ [

A ∧ (r ∧ B)
]} · n

=
{[

(r ∧ B) · ∇]
A − (A · ∇)(r ∧ B) + A

[∇ · (r ∧ B)
] − (r ∧ B)(∇ · A)

}
· n (51)

obtained by using the identity given in [19, p. 538] reads:

∇ ∧ (A ∧ Y)= (Y · ∇)A − (A · ∇)Y + A(∇ · Y)− Y(∇ · A)

with Y = r ∧ B. Furthermore, considering the identities

X · (Y ∧ n)= Y · (n ∧ X) with X = ∇ ∧ A,

n ∧ X = ∇(A · n) − (n · ∇)A and Y · [∇(A · n)] = [(Y · ∇)A] · n,

we have

(∇ ∧ A) · [(r ∧ B)∧ n
] =

{[
(r ∧ B) · ∇]

A
}

· n −
{[

(n · ∇)A
] ∧ r

}
· B,
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together with

(∇ ∧ A) · [(r ∧ B)∧ n
] = (r ∧ B) · [n ∧ (∇ ∧ A)

] =
{

− r ∧ [
n ∧ (∇ ∧ A)

]} · B

directly derived from (46), so that
{[

(r ∧ B) · ∇]
A

}
· n =

{
− r ∧ [

n ∧ (∇ ∧ A)
] + [

(n · ∇)A
] ∧ r

}
· B.

Other terms in (51) are

−[
(A · ∇)(r ∧ B)

] · n = −(A ∧ B) · n = (A ∧ n) · B,
{

A
[∇ · (r ∧ B)

]} · n = {A[0]} · n = 0,

−[
(r ∧ B)(∇ · A)

] · n = [
(∇ · A)(r ∧ n)

] · B,

so that the left-hand side of (43) is:
(∫∫

S
ds (∇ · A)(r ∧ n) + A ∧ n − r ∧ [

n ∧ (∇ ∧ A)
] − r ∧ [

(n · ∇)A
]
)

· B. (52)

Since B is arbitrary, Eqs. 50 and 52 yield the second variant of Stokes’s theorem:
∫∫

S
ds

{
(∇ · A)(r ∧ n) + A ∧ n − r ∧ [

n ∧ (∇ ∧ A)
] − r ∧ [

(n · ∇)A
]} =

∮



d� r ∧ (A ∧ t). (53)

The development of these two variants of Stokes’s theorem can be found as Equations (1.3.5) and (1.3.13)
in [10].

Appendix B: Application of the variants of Stokes’s theorem

Considering the vector A = �tX with X = T + R ∧ r, we have

∇ · A = �t∇ · X + X · ∇�t = X · ∇�t,

since ∇ · X = 0. By making use of the first variant of Stokes’s theorem (49), the hull integral (17) involving
the second term of the integrand can be written as

∫∫

H
ds

{
(X · ∇�t)n − n ∧ [∇ ∧ (�tX)] − (n · ∇)(�tX)

}
=

∮



d� (�tX)∧ t. (54)

Some algebraic calculations are necessary and listed in the following:

n ∧ [∇ ∧ (�tX)] = n ∧ [�t(∇ ∧ X) + ∇�t ∧ X]
= n ∧ [2�tR + ∇�t ∧ X]
= −2�tR ∧ n + ∇�t(X · n) − X(∇�t · n)

(n · ∇)(�tX) = X(∇�t · n) + �t(n · ∇)X

= X(∇�t · n) + �t(R ∧ n),

in which we have used ∇ ∧ X = 2R and (n · ∇)X = R ∧ n so that:
∫∫

H
ds

{
(X · ∇�t)n + R ∧ (�tn) − ∇�t(X · n)

}
= −g

∮



d� η(X ∧ t), (55)

where we have used �t = −gη from (10) along the waterline.
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At the waterline, the tangential vector t = (t1, t2) = (n̄2, −n̄1) where n̄1 and n̄2 are the horizontal com-
ponents of the normal vector contained on the mean free surface n̄ = (n̄1, n̄2, 0) as illustrated in Fig. 12, we
have:
∮



d� η(X ∧ t) =
∮



d� η
[
ζ3n̄ − (X · n̄)k

]
(56)

Introducing (56) into (55), we obtain
∫∫

H
ds

{
(X · ∇�t)n + R ∧ (�tn) − ∇�t(X · n)

}
= −g

∮



d� η
[
ζ3n̄ − (X · n̄)k

]
. (57)

In a similar way, we apply second variant of Stokes’s theorem (53) to the second term of the hull integral
(18):
∫∫

H
ds

{
(X · ∇�t)(r∧n) + (�tX)∧ n − r ∧ {

n ∧ [∇ ∧ (�tX)]} − r ∧ [(n · ∇)(�tX)]
}

=
∮



d� r ∧ [(�tX)∧ t]. (58)

Some calculations are listed here:

(�tX)∧ n = T ∧ (�tn) + �t[(R ∧ r)∧ n]
= T ∧ (�tn) + �t[r(R · n) − R(r · n)],

r ∧ {
n ∧ [∇ ∧ (�tX)]} = r ∧ { − 2�tR ∧ n + ∇�t(X · n) − X(∇�t · n)

}

= −2�t[r ∧ (R ∧ n)] + (r ∧∇�t)(X · n) − (r ∧ X)(∇�t · n),

r ∧ [(n · ∇)(�tX)] = (r ∧ X) · (∇�t · n) + �t[r ∧ (R ∧ n)],
r ∧ [(�tX)∧ t] = �t[r ∧ (X ∧ t)]

= �t[ζ3(r ∧ n̄) − (X · n̄)(r ∧ k)],
so that:
∫∫

H
ds

{
(X · ∇�t)(r ∧ n) + T ∧ (�tn) + R ∧ [�t(r ∧ n)] − (r ∧∇�t)(X · n)

}

= −g
∮



d� η
[
ζ3(r ∧ n̄) − (X · n̄)(r ∧ k)

]
(59)

with n̄ the normal vector along the waterline on the mean free surface orthogonal to the tangential vector t.
It is worth noting that the unit normal vector n̄ along the waterline defined on the mean free surface

is equal to the normal vector n on the hull of a wall-sided body which intersects vertically the mean free

Fig. 12 Definition of
control surfaces and
different unit vectors
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surface. In the general case, if the angle between the normal vector n on the hull and the mean free surface
is denoted by γ , we have the relation:

n̄ = (n̄1, n̄2, 0) = (n1, n2, 0)/

√
n2

1 + n2
2 = (n1, n2, 0)/

√
1 − n2

3 = (n1, n2, 0)/| cos γ | (60)

with the normal vector n = (n1, n2, n3) on the hull. For a wall-sided body, γ = 0, so that n̄ = n from (60).

Appendix C: Application of Gauss’s theorem

Let D be a domain of space with boundary surface S with the normal n to S being oriented inwards. Gauss’s
theorem in [19, p. 541] applied to a continuous scalar function U(x, y, z) in D gives :
∫∫

S
ds n U = −

∫∫∫

D
dv ∇U (61)

or to a vector function u∫∫

S
ds n · u = −

∫∫∫

D
dv ∇ · u and

∫∫

S
ds n ∧ u = −

∫∫∫

D
dv ∇ ∧ u. (62)

Substituting U for ∇�∇� in the first formula of (61) and using the identity ∇U = 2(∇�∇)∇�, we have :
∫∫

S
ds (∇� · ∇�)n = −2

∫∫∫

D
dv (∇� · ∇)∇�. (63)

The integrand on the right-hand side of (63) can be developed as:

(∇� · ∇)∇� = (∇� · ∇�x)i + (∇� · ∇�y)j + (∇� · ∇�z)k = ∇ · (∇��x)i + ∇ · (∇��y)j + ∇ · (∇��z)k.

The first formula of (62) gives
∫∫∫

D
dv

[∇ · (∇��x)i + ∇ · (∇��y)j + ∇ · (∇��z)k
]

= −
∫∫

S
ds n · [(∇��x)i + (∇��y)j + (∇��z)k

] = −
∫∫

S
ds (n · ∇�)∇� = −

∫∫

S
ds �n∇�, (64)

so that∫∫

S
ds (∇� · ∇�)n = 2

∫∫

S
ds �n∇�. (65)

In the same way, Gauss’s theorem gives
∫∫

S
ds (∇� · ∇�)(r∧n) =

∫∫

S
ds [(∇� · ∇�)r] ∧ n =

∫∫∫

D
dv ∇ ∧ [(∇� · ∇�)r] (66)

according to the second formula of (62). The integrand on the right side of (66) can be developed as follows:

∇ ∧ [(∇� · ∇�)r] = −r ∧ [∇(∇� · ∇�)] = −2r ∧ [(∇� · ∇)∇�] = −2(∇� · ∇)(r ∧∇�)

= −2
{
∇ · [∇�(y�z − z�y)

]
i + ∇ · [∇�(z�x − x�z)

]
j + ∇ · [∇�(x�y − y�x)

]
k
}

.

By use of the first formula of (62), the integral (66) becomes:

2
∫∫

S
ds n ·

{[∇�(y�z − z�y)
]
i + [∇�(z�x − x�z)

]
j + [∇�(x�y − y�x)

]
k
}

= 2
∫∫

S
ds (n · ∇�)(r ∧∇�), (67)

so that∫∫

S
ds (∇� · ∇�)(r ∧ n) = 2

∫∫

S
ds �n(r ∧∇�). (68)

The identity (65) can be found also as [20, Equation 89].
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Over the area F of the mean free surface limited by its common boundary  with the hull H and its
common boundary c with the control surface C, we can apply the Gauss integral for the plane given in
[19, p. 543]:
∫∫

F
ds (∇�t − �ztk)�t =

∫∫

F
ds (�xti + �ytj)�t = 1

2

∫∫

F
ds

[
∂x(�t�t)i + ∂y(�t�t)j

]

= 1
2

(∮



+
∮

c

)
(dy i − dx j) (�t�t) = −1

2

(∮



+
∮

c

)
dl n̄(�t�t), (69)

since (dx, dy) = dl(n̄2, −n̄1) along  and c as illustrated in Fig. 12.
In the same way, we have:

∫∫

F
ds r ∧ (∇�t − �ztk)�t = −1

2

(∮



+
∮

c

)
dl r ∧ n̄(�t�t) (70)

with n̄ = (n̄1, n̄2, 0) being the normal vector along  and c and contained on F.
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